This note supplements our paper "Induced nets and Hamiltonicity of claw-free graphs", by giving the detailed proof that were omitted in it.
Lemma 7 (Chiba and Fujisawa [3] ). Let G be a 2-connected claw-free graph of order at least 3 such that every endvertex of each induced net in G has degree at least |V (G)|− 2 3 . Let H be the triangle-free graph such that L(H) = cl(G), and let Λ be the subdivided claw of H such that V (Λ) = {R 0 , R 1 , R 2 , R 3 , R iii) x 1 x 2 x 3 is a triangle of G if and only if y ′ i ∈ {y i } ∪ l H (R i ) for each i.
Lemma 8 (Chiba and Fujisawa [3] ). Let H be an essentially 2-connected multigraph and let Ξ be a collapsible subgraph of H. If |E(H − Ξ)| ≤ 3, then there exists a DCT of H.
Lemma 9 (Chiba and Fujisawa [3] ). Both of K 3,3 and K − 3,3 is collapsible. ✷ Lemma 10 (Chiba and Fujisawa [3] ). Let H be an essentially 2-edge-connected triangle-free simple graph which does not contain a DCT and let n = |E(H)|. If {e 1 , e 2 , e 3 } is a matching of H, then
H (e i ) ≤ n + 1.
Theorem 11 (Chiba and Fujisawa [3] ). Let G be a graph of order n which satisfies the assumption of Conjecture 1 and let H be the triangle-free graph such that L(H) = cl(G). Then there exists either a DCT or a heavy matching of size 4 in H.
For a graph G and X, Y ⊆ V (G) with X ∩ Y = ∅, the set of edges between X and Y is denoted by E G (X, Y ), or simply E(X, Y ). Moreover, we use e(X, Y ) = |E(X, Y )|. If there is no fear of confusions, we often identify a vertex v and {v}, and a subgraph F of G and V (H). For example, we use e(v, F )
instead of e({v}, V (F )).
Lemma 12. Let G be a triangle-free graph with |V (G)| = 7 which contains a cycle C of length 5, and let V (G) \ V (C) = {w 1 , w 2 }. If e(w i , C) = 2 for i = 1, 2, then G has a spanning closed trail which contains all the edges of E({w 1 , w 2 }, C). In addition, if w 1 w 2 ∈ E(G), then G is collapsible.
Proof. Let C = u 1 u 2 . . . u 5 u 1 . Since G is triangle-free, C has no chord, and by symmetry we may assume that N (w 1 ) ∩ V (C) = {u 1 , u 3 }. Then we may assume N (w 2 ) ∩ V (C) = {u 1 , u 3 }, {u 2 , u 4 } or {u 3 , u 5 }. Let E − = ∅ (resp. {u 1 u 2 , u 3 u 4 } and {u 5 u 1 }) in the first (resp. second and last) case, then
If w 1 w 2 ∈ E(G), then we may assume that N (w 2 ) ∩ V (C) = {u 2 , u 4 } since G is triangle-free. Let
and hence G ′ is collapsible by Lemma 9. Moreover, since the edges G/G ′ form multiple edges, G/G ′ is collapsible. By Proposition 5 ii), G is collapsible. ✷ Lemma 13. Let G be an essentially 2-edge-connected graph and let
, then there exists a DCT of G containing x and y.
Proof. By assumption, we can take a cycle C which contains the edge xy in G. Let E 0 = E(G−{x, y}).
If |V (C)| = 3, then C is collapsible, and hence we obtain a desired closed trail by Lemma 8. Hence we assume |V (C)| = 4. Then the edge, say e 1 , of C − {x, y} is in E 0 . Let e 2 be the other edge of E 0 , then we may assume that e 2 ∈ E(G − V (C)), since otherwise C is a DCT of G. Note that
is essentially 2-edge-connected, there exist two edges between V (e 2 ) and {x, y}, and thus there exists
Then C△C ′ is a desired closed trail, where △ denotes the symmetric difference. ✷
We can now prove the main result.
Theorem 14. Let G be a 2-connected claw-free graph of order n ≤ 32. If every endvertex of each induced net in G has degree at least
Proof. Let H be the triangle-free graph such that L(H) = cl (G). By Theorems 3 and 4, it suffices to
prove that H has a DCT.
Case 1. n ≥ 15.
By Theorem 11, we may assume that there exists a heavy matching M of size 4 in H.
Since Ξ * is triangle-free, it follows from Turán's theorem that
Since n ≥ 15 and |E(Ξ * )| ≤ 16, (1) yields
and
Since H is essentially 2-edge-connected, we have
edge-disjoint paths joining an edge of E 0 and Ξ * ). This implies
Assume, for the moment that, |E(Ξ * )| ≥ 14. Let E(Ξ * ) = {e 1 , e 2 , e 3 , e 4 } and f ij = e(V (e i ), V (e j ))
By the pegionhole principle, we can take Therefore we may assume that Ξ * has a vertex, say x, of degree one. Let
By Theorem 6, Ξ ′′ is collapsible, and since Ξ ′ /Ξ ′′ consists of multiple edges with two or three edges, it
If x has degree one in H, then by Lemma 8, H has a DCT, since
Hence we assume that x has degree at least two in H. Then, since H is essentially 2-edge-connected, v Ξ ′ has degree at least two in H/Ξ ′ . By Lemma 13, there exists a DCT of H/Ξ ′ which contains v Ξ ′ and x, and hence by Proposition 5 i), H has a DCT.
Next assume that |E(Ξ * )| ≤ 11. Then by (2), we have |E(Ξ * )| = 11 and E 0 = ∅. If the minimum degree of Ξ * is two, then since |E(Ξ * )| = 11, we can deduce that Ξ * has a hamiltonian cycle, which is a DCT of H. Hence we may assume that Ξ * has a vertex x of degree one. Then Ξ * − {x} contains a subgraph Ξ ′ which is isomorphic to K 3.3 or K − 3,3 . By Theorem 6 and Lemma 9, Ξ ′ is collapsible.
Moreover, Ξ * /Ξ ′ is a path, say P , of length two (possibly with some multiple edges). Since H is essentially 2-edge-connected, we can take a closed trail in H/Ξ ′ which contains V (P ) \ V 1 (H). This is a DCT of H/Ξ ′ , and hence by Proposition 5 i), H has a DCT.
If Ξ * has an induced cycle C 0 of length 7, then since Ξ * is triangle-free, e(x, C 0 ) ≤ 3, where x is the vertex of Ξ * − V (C 0 ). Thus |E(Ξ * )| ≤ 10, which contradicts (2). Hence every cycle of length 7 must have a chord. Therefore, Ξ * has a cycle of length 5, say C.
Since Ξ * is triangle-free, C has no chord and |E(W )| ≤ 2. Moreover, e(w, C) ≤ 2 for any w ∈ V (W ).
First consider the case |E(Ξ * )| ≥ 12. Recall that |E 0 | ≤ 2. By Lemma 8, it suffices to show that Ξ * is collapsible. If there exists an edge w 1 w 2 in W such that e(w i , C) = 2 for i = 1, 2, then by
is collapsible, and since the vertex of Ξ * − (V (C) ∪ {w 1 , w 2 }) has degreeat least 2, Ξ * is collapsible. Hence for each edge w 1 w 2 of W , we may assume that e(w i , C) ≤ 1
is a path, say w 1 w 2 w 3 , of length two, e(w i , C) = 2 for i = 1, 3 and e(w 2 , C) = 1. Since Ξ * is triangle-free, we may assume
, then by symmetry we may assume that
and thus it is collapsible. Moreover, Ξ * /Ξ ′ is a triangle, and hence Ξ * is collapsible by Proposition 5
ii). In the latter case, let C ′ be the cycle u 1 u 2 u 3 w 2 w 3 u 1 and Ξ ′ = Ξ * − {u 5 }. Then C ′ is a 5-cycle, and w 3 , we may assume that
, and hence Ξ * is collapsible because both of u 3 , u 5 have degree at least two in Ξ * . In the latter case, Ξ * satisfies the assumption of Theorem 6, and hence Ξ * is collapsible.
Next consider the case |E(Ξ * )| ≤ 11. Then by (2), we have |E(Ξ * )| = 11 and E 0 = ∅. Hence it suffices to show that Ξ * has a spanning closed trail. Let V (W ) = {w 1 , w 2 , w 3 }. Without loss of generality, we may assume that
By symmetry, we may assume that one of the following holds:
In the case 1) or 5), it follows from Lemma 12 that Ξ
then we can find a DCT of H by applying Lemma 13 to the graph H/(Ξ * − {w 3 }) and the vertices v Ξ * −{w3} and w 3 . If d H (w 3 ) = 1, then since the neighbor of w 3 is in Ξ * − {w 3 }, the spanning closed trail of Ξ * − {w 3 } is a DCT of H. In the case 2) or 3), since Ξ * is triangle-free, we can take
In the case 4), without loss of generality we may assume that N C (w 1 ) = {u 1 }. Then, by symmetry, we
is a spanning closed trail of Ξ * . If N C (w 3 ) = {u 3 }, then by symmetry we may assume that N C (w 2 ) = {u 2 , u 4 }, and then E(Ξ * ) − {u 1 u 2 , u 3 u 4 } induces a spanning closed trail of Ξ * .
In the case 6), without loss of generality we may assume that u 2 ∈ N (w 2 ). If u i ∈ N (w 1 ) for i = 4 or 5, let Ξ * * be the graph obtained from Ξ * − {w 1 , w 2 } by adding a vertex w ′ and two edges w ′ u 2 , w ′ u i .
Then Ξ * * is a triangle-free graph of order 7 such that V (Ξ * * ) \ V (C) = {w ′ , w 3 }, and hence it follows from Lemma 12 that Ξ * * contains a spanning closed trail T such that {w
Therefore, we may assume that u 4 , u 5 / ∈ N (w 1 ),
Figure 1: The graph Ξ * and two vertices x 2 , x 3 , where black vertices denote V (Ξ *  ) which implies {u 1 , u 3 } ⊆ N (w 1 ) since Ξ * is triangle-free. Then, by symmetry, we may assume that
is a spanning closed trail of Ξ * . Hence we assume that {u 3 , u 5 } ⊆ N (w 3 ) (See Figure 1 ).
For i = 2, 3, we may assume that w i has a neighbor
trail of H which contains V (Ξ * ), and hence it is a DCT of H. Thus we may assume that x 2 u 5 / ∈ E(G).
Moreover, if there exists a path P ⊆ H − {u 1 , u 3 , u 4 } which joins w 1 and w 3 and contains W , then
Hence there is no such a path, and thus x 2 = x 3 and
Now we have two subdivided claws induced by {u 2 w 2 x 2 , u 2 u 3 u 4 , u 2 u 1 u 5 } and {u 5 w 3 x 3 , u 5 u 1 u 2 , u 5 u 4 u 3 }.
Let y 2 = u 2 and y 3 = u 5 , then by the fact that n ≥ 15 and Lemma 7 i) and ii) 1 , we can deduce that ei-
H (w i y i ) ≥ 7 holds for i = 2 and 3. Whichever inequality holds, since d Ξ * (w i ) = 2 and d Ξ * (y i ) = 3, we can find E i ⊆ E(H) \ E(Ξ * ) such that |E i | ≥ 4 and each edge of E i has at least one endvertex in {x i , w i , y i } for i = 2, 3 (notice that x i w i ∈ E i ). By (5), E 2 ∩ E 3 = ∅, and hence
In the case 7), since Ξ * is triangle-free, it follows for each w ∈ W that N (w) = {u l , u l+2 } for some l with 1 ≤ l ≤ 5 (where indices are taken modulo 5). If N (w) = N (w ′ ) for each w, w ′ ∈ W , then we can take distinct i, j ∈ {1, 2, 3} so that N (w i ) = {u l , u l+2 } and N (w j ) = {u l+1 , u l+3 } for some l. If N (w) = N (w ′ ) = {u l , u l+2 } for some w, w ′ ∈ W and l, then since Ξ * has a perfect matching, u l+1 ∈ N (w ′′ ), where w ′′ ∈ W \ {w, w ′ }. Consequently, we can take w i , w j ∈ W so that N (w i ) = {u l , u l+2 } and u l+1 ∈ N (w j ) for some l. Let w k ∈ W \ {w i , w j }. By Lemma 12, Ξ * − {w i } contains a spanning closed trail T such that w j u l+1 ∈ E(T ). Let C ′ be the cycle w i u l u l+1 u l+2 w i , then
T △C ′ is a spanning closed trail of Ξ * .
Case 2. n ≤ 14.
1 To be precise, we have to consider the case where there exists e 1 ∈ l H (w i ) with d e H (e 1 ) ≥ 5 or e 2 ∈ l H (y i ) with d e H (e 2 ) ≥ 7. Since the proof of these cases is exactly the same as the proof written in the above, we omitted it. In the rest of this paper, we make the same omission in order to improve the readability. If n ≤ 8, then since G is 2-connected, minimum degree of G is at least 2 ≥ n−2 3 . Hence by Theorem 2, G is hamiltonian. Therefore we may assume that 9 ≤ n ≤ 14. Take a closed trail T ⊆ H with an arbitrary direction so that T dominates as many edges as possible. We may assume that there is no DCT in H, and hence E(H − V (T )) = ∅. Let S be the component of H − V (T ) containing at least one edge of E(H − V (T )) and let U = H − (V (T ) ∪ V (S)). Moreover, let X = {x 1 , x 2 , . . . , x k } be the set of the vertices of T which have a neighbor in S, where x 1 , x 2 , . . . appear in this order along T (if some x i appears twice or more in T , then we focus on the first appearance hereafter), and let x k+1 = x 1 . Then we can take edge-disjoint trails T 1 , . . . , T k ⊆ T , where T i is a segment of T from x i to x i+1 along the direction of T . Let f be the map from E(U, T − X) to {1, 2, . . . , k} such that f (e) = min{i | e is incident to a vertex in V (T i ) \ {x i , x i+1 }}, and let Y i = {e | e ∈ E(U, T − X), f (e) = i}.
By the maximality of T , each x i has exactly one neighbor in S. Since H is essentially 2-edgeconnected, we have k ≥ 2. For 1 ≤ i ≤ k, let P i be the set of paths of H joining x i and x i+1 whose internal vertices are contained in S, and take P i ∈ P i so that |P i | is maximum. Let S i = E(P i ) ∪ {e ∈
E(S) | e is dominated by P i }, then we have |S i | ≥ 3 because S i contains two edges of E(S, T ) and at least one edge of E(S). Note that S
i ∩ F j = S i ∩ X j = ∅ for 1 ≤ i, j ≤ k.
It follows for each i that |F i | ≥ |S i |, since otherwise the closed trail induced by (E(T )∪E(P i ))\E(T i )
dominates more edges than T . Therefore, Proof. Assume to the contrary that ux 
Claim 2. |E(T )| ≥ 5.
Proof. Assume to the contrary that |E(T )| = 4, then 
. This implies n ≥ 20, a contradiction. ✷
for some j.
Proof. Assume to the contrary that x
induces a cycle of length 4 for each i. be the vertex of T such that
1 . Then by the calculation above, x +3 2 has no neighbor in U , and hence the trail T ′ ∪ P 1 contradicts the choice of T . Therefore x −2 2 = x 1 , By the same reason, we have x Proof. Assume to the contrary that k = 3. Let 
Assume that x i appears twice or more in T i for some i. Let T ′ i be the segment of T i between the last appearance of x i and x i+1 , then by the choice of T , |E(T 
Since H is triangle-free, Λ = {x i x
, then we have two edges which is not counted in the inequality (6), even when x
or y i appears twice or more in T Such edges yield n ≥ 15, a contradiction. Since we already have n ≥ |E 2 | ≥ 13, by Lemma 7 i) and ii), we have d e (x i x ′ i ) ≥ 8 holds (note that we can apply Lemma 7 with |J| = 2). Again, we have two edges which is not counted in the inequality (6), which yields n ≥ 15, a contradiction. Therefore, each x i appers only once in T . We distinguish two cases. Note that |S i | ≥ |E(S)| + 2 holds for i = 1, 2, since otherwise an edge of S is separated by another edge of S, which contradicts the assumption that H is essentially 2-edge-connected. Hence 14 ≥ |E(H)| ≥
Take j as in Claim 3. Since H is triangle-free, Λ = {x j x ✷
